We present an alternative derivation of Coleman's expression for cosmological constant by summing over topologies of space-time in the wormhole dominance approximation. It is pointed out that the correlation between disconnected spaces, if any, vanishes by Coleman's mechanism. § 1. Introduction
In his formulation, Coleman used the effective Lagrangian which contains annihilation and creation operators*) of baby universes corresponding to disappearance and appearance of wormholes. In the case of single smooth manifold attached by an arbitrary number of wormholes, Giddings and Strominger 3 ) and Coleman 4 ) explicitly proved that the use of annihilation and creation operators of baby universes is equivalent to diagrammatic wormhole instanton calculation. However, when we consider an arbitrary number of smooth closed connected manifolds as well as wormholes as Coleman did, it is not too obvious, at least to the present author, how the effective Lagrangian does the job of summation of such diagrams. It will be instructive if we can do explicit diagrammatic summation over all possible smooth closed connected manifolds bridged by wormhole instantons.
In this paper, we are going to give an elementary diagrammatic derivation of Coleman's expression. The author believes that our alternative derivation is beneficial. For example, we can easily see how his conclusion of zero cosmological constant relies on the dilute gas approximation for multiple instantons. (We shall come back to this point at the end of this paper.) As a simple exercise, we show that the same mechanism of zero cosmological constant ensures the vanishing of correlation between disconnected spaces.
To some extent, our present approach corresponds to Polyakov's5) in string theories, while Coleman's to string field theories. 6 ) They are actually equivalent in string theories and that is the case also in our present wormhole problem. We will not discuss the loss of quantum (in) coherence due to the baby universes, though it may be interesting. 2 )-4),7),9)
*) The use of annihilation and creation operators for baby universes originated in Hawking's work. 7 ) § 2. Wormhole dominance approximation to the Euclidean path integral
Let us start with the Euclidean path integral over 4-surfaces following Hawking:
where the 3-geometry g(.) and 3-dim~nsional configuration of matter fields collectively denoted by ¢(.) are specified at the boundary B. Since it is almost impossible to exactly carry out such a path integration, we appeal to "wormhole dominance approximation" which enables us to take into account contributions from nontrivial topologies (partially at least). For example, a manifold with a handle is replaced by the one with a wormhole bridge ( Fig. 1) . In this approximation, Eq. (1) becomes an expansion depicted in Fig. 2 . In Fig. 2 , many closed connected 4-manifolds are bridged by wormholes in all possible ways. As a war~ing up, let us consider the first three diagrams in Fig. 2 . The first term may be written in path integral form as
The path integral has to be carried out over smooth manifold with no further wormholes. (We have omitted matter fields ¢ for notational simplicity.) . As for the second term, for each wormhole (cross mark) we associate a factor f Lfij d 4 x with L being some local operator consisting of metric and matter fields. L is calculable if underlying model of sub-Planck physics is given and a wormhole solution is found. For our present problem of cosmological constant, it is sufficient to consider a single species of wormhole which carries no particles. In this case L is simply a constant typically given by an instanton amplitude ex: e-so with So being a classical action of the wormhole solution. However, we keep the generic' symbol L for generality of our diagrammatic method. The integration over space-time is needed, since the location of wormhole can be everywhere on the manifold. In other words, the space-time position of wormhole is a collective coordinate.Il) We obtain + + Here we have written VB for J 1:5 d 4 x as a shorthand. The factor 1/2! is necessary to avoid double counting of the two wormholes. It is easy to see that for the third term in Fig. 2 (5) We can proceed further to sum up handles (see Fig. 3 ), (6) N ow that we have gotten enough experience, consider the most general case that the i·th closed connected manifold is bridged to the manifold with a boundary B (mother manifold) through ni wormhole corridors and also to the other j-th closed connected manifold through ni,i( ~ nji) wormhole corridors. See Fig. 4 . Let the number of closed connected manifolds be N.
The sums over nl, "'nn, nI2"'nlN"'nN-l,N are easily carried out. By summing over N we obtain for lJf in Eq. (1) in the approximation explained in Fig. 1 , (8) where <> denotes averages over B, C"·manifolds. '¥e are very near the goal. We 
Therefore we obtain (10) where
Equation (10) is nothing but Coleman's expression for wave function of universe. § 3. Vanishing of cosmological constant
For completeness we briefly review how the cosmological constant becomes zero following Coleman. 1) By using the de Sitter instanton to evaluate the path integral over closed connected manifold, Coleman obtained (12) where A(a) is the effective cosmological constant and C is a certain positive number. Therefore the weight . We can clearly see that for a space time manifold which is smooth in a scale larger than the wormhole size the cosmological constant vanishes. § 4. Generalization
Z(a)=e(-I/2)a2exp(eCIA(a»)
As a straightforward generalization, consider the case that n baby universes initially exist.. (Previously we had n=O.) See Fig. 5 . The n tubes may hang down either from the mother manifold or from the vacuum blobs. It is easy to see that the wave function of the universe is then given by The factor 1/ Iii! accounts for the bose statistics of baby universes. In Eq. (15) we have omitted the average <> for notational simplicity. In the same way as the previous n=O case, we introduce the a integration to obtain Integrating by parts we obtain
where un(a)=1/4/iiHn(a)e-a2 /\ Hn(a)=( -)n(dn/dan)(e-a2/2)ea2/2 is the n-th excited state of harmonic oscillator. The rest is the same as before (Eq. (10». We finally arrive at
The meaning of each factor of th~ integrand will be self-explanatory. If we took an exact coherent state instead of n baby universe state as an initial state, we would get
W(a)=<eVBa>Bexp«eva>C) .
Of course we do not have a vanishing cosmological constant for this choice of initial state. However as Coleman explained, this is an extraordinary fine tuning. I) Now let us consider the case of two disconnected boundaries, say, Band B'. Without further ado, we obtain where Z(a) is given in Eq. (13). In general the three geometries g and g' at Band B' respectively are correlated, because of the a integration in Eq. (17). Physically speaking, wormholes can communicate information between disconnected spaces. However, thanks to Coleman's mechanism, the distribution Z(a) is sharply peaked at some ao such that A(ao)=O. Then Eq. (17) becomes a factorized form. This makes the correlation vanish with an extreme accuracy.
It is almost trivial to generalize our whole argument to many species of wormhole instantons. We will just have many a's. Presumably, the minimum of the effective potential fixes all the a's. § 5. Discussion
Finally we would like to discuss potential loop holes in Coleman's arguments for the vanishing cosmological constant. He used the dilute gas approximation (DGA) to handle multiple instantons.
This is absolutely legitimate for the vacuum closed connected blobs, since in his argument only eJ:Ctremely large blobs are important where DGA is infinitely accurate. On the other hand, for the manifold with a boundary, DGA may break down, if the 3-geometry on B is too small and therefore the most probable four volume may be too small to accommodate a large number of non-interacting wormholes of finite size. If this happens, the effective cosmological constant defined for our universe differs from the one for the vacuum blobs. The physical cosmological constant may not be zero unless the universe is sufficiently large. This may suggest a temporal inflation and is worth further investigation. Precisely speaking, wormhole solution depends on the manifold to which it attaches. Therefore in general the instimton suppression factors may be different for our universe and for the vacuum blobs. This will affect the conGlusion of vanishing cosmological constant. Of course, if the 3-geometry of our universe isvery large like the present universe, the manifold is almost flat to the wormholes and therefore the asymptotically flat wormhole solutions are good enough. As far as the cosmological constant of the present universe is concerned, Coleman's argument seems very convincing. After completion of this paper, the author becomes aware of the papers by Giddings and Strominger and by Banks, which discuss the same problem in the context of third quantization of universe.l2l
